Homoclinic bifurcations are important phenomena that cause global re-arrangements of the dynamics in phase space, including changes to basins of attractions and the generation of chaotic dynamics. We consider here a homoclinic (or connecting) orbit that converges in both forward and backward time to a saddle equilibrium of a three-dimensional vector field. We assume that the saddle is such that the eigenvalues of its Jacobian are real. If such a homoclinic orbit is broken by varying a suitable parameter then, generically, a single periodic orbit Γ bifurcates. We consider the case that the saddle quantity of the equilibrium is negative so that Γ is an attractor (rather than of saddle type). At the moment of bifurcation the two-dimensional stable manifold of the saddle, when followed along the homoclinic orbit, may form either an orientable or nonorientable surface, and one speaks of an orientable or a nonorientable homoclinic bifurcation. A change of orientability occurs at two kinds of codimension-two homoclinic bifurcations, namely, an inclination flip and an orbit flip. The stable manifold of the saddle point is neither orientable nor nonorientable at either of these bifurcations.
Introduction
The bifurcation theory of vector fields has become a rich and growing pool of knowledge in recent decades that helps one to understand many phenomena that are encountered in applications; see, for example, the textbooks [21, 36, 49, 50] as entry points to the literature. The object of study is a family of vector fields of the forṁ
where x ∈ R n and ν ∈ R m is a parameter vector. We assume throughout that f : R n × R m → R n is sufficiently smooth, so that (1) induces a flow ϕ t on the phase space R n that, given any initial condition x 0 ∈ R n determines the dynamics in positive and negative time t ∈ R. The goal of a bifurcation study of system (1) is to determine the regions in ν-space, the parameter space, corresponding to qualitatively different types of behavior. Such regions are bounded by hypersurfaces of codimension-one bifurcations (bifurcation curves for the case m = 2), crossing which results in a topologically change of the phase portrait. Local bifurcations are associated with changes of stability of equilibria and periodic orbits, and they are well explained by means of normal forms and desingularization techniques [21, 36] . Global bifurcations, on the other hand, are associated with re-arrangements of invariant manifolds of saddle equilibria and/or saddle periodic orbits. The moment of bifurcation is characterized by the existence of a certain type of (homoclinic or heteroclinic) connecting orbit between the corresponding saddle objects. Perturbations of the system parameters away from the bifurcation cause global reorganizations of the overall dynamics in phase space, which may result in the (dis)appeareance of invariant objects (such as additional periodic orbits) and even chaos [1, 2, 26, 36, 49] .
This paper is concerned with the global organization of phase space near a homoclinic orbit of a saddle equilibrium with real eigenvalues of a vector field in R 3 , that is, for n = 3 in (1). For simplicity, we take the equilibrium to be the origin 0 ∈ R 3 and we assume that the Jacobian matrix Df (0) has one positive (unstable) real eigenvalue λ u > 0, and two negative (stable) real eigenvalues λ ss < λ s < 0; the associated eigenvectors are v u , v s and v ss , respectively. (Note that the existence of two stable eigenvalues can always be ensured by reversing time, if necessary). Moreover, we assume that, for a suitable value of the parameter ν, there is a homoclinic connecting orbit Γ 0 that converges to the saddle equilibrium 0 in forward as well as backward time. Given that certain genericity conditions are satisfied (which are fully stated in section 2), the homoclinic orbit is of codimension one, meaning that this homoclinic bifurcation is encountered in a structurally stable way when a single parameter is varied.
At the moment of homoclinic bifurcation one branch of the one-dimensional unstable manifold W u (0) lies in W s (0). This, in turn, means that a part of W s (0) comes back to the equilibrium 0 in backward time; in fact, W s (0) 'closes up' with itself along the one-dimensional strong stable manifold W ss (0). In doing so, generically W s (0) forms either a topological cylinder or a topological Möbius strip and one speaks of an orientable or a nonorientable (or twisted) homoclinic bifurcation, respectively. These two bifurcations are the only possible cases of codimension-one homoclinic bifurcation to a saddle with real eigenvalues in a three-dimensional vector field [25, 26, 36, 49] .
Homoclinic bifurcations are usually illustrated by the properties of the one-dimensional global manifold that generates the homoclinic orbit; see, for example, [25, 26, 36, 49] . Studies of their unfoldings have been carried out generally by means of constructing Poincaré maps in suitable cross sections near the equilibrium. Indeed, the local behavior of W s (0) near the origin is well known, as is the nature of the tangent bundle T W s (0) in a tubular neighbourhood of the homoclinic orbit. The manifold W s (0) has most commonly been visualized in intersections with a local section or in the form of topological sketches that show how a small piece of the stable manifold returns back to the origin; see, for instance, [8, 25, 27, 36] and most notably [37] .
In this paper we use advanced numerical techniques to determine how the two-dimensional stable manifold W s (0) rearranges itself as a global object near homoclinic bifurcations to a saddle with real eigenvalues. To this end, we consider a vector field model constructed by Sandstede [46] , introduced as (4) in section 2.3, in which different codimension-one and codimension-two homoclinic bifurcations can be studied in a convenient way. In this model vector field, we identify the homoclinic orbits under consideration with the continuation software Auto [11, 15] and its extension HomCont [6] ; we then compute and render the stable manifold W s (0) as a family of suitably chosen orbit segments; see [1, 32, 33] and the Appendix for details. figure 1 illustrate the two cases of an orientable and a nonorientable homoclinic bifurcation of codimension one, respectively. Both panels show the unstable manifold W u (0) (red curve), which forms the homoclinic orbit Γ 0 , and the computed piece of the two-dimensional stable manifold W s (0) (blue surface), whose outer boundary is rendered as a black curve. For visualization purposes, W s (0) is rendered in two parts or 'halves', one of which is solid blue and the other transparent blue. These two parts are bounded by two trajectories that are contained in W s (0) and whose endpoints lie at distance 10 −5 from 0 along the eigenspace spanned by v s , which is the v-axis; in fact, in figure 1 one of these trajectories is the homoclinic orbit Γ 0 and the other one is denoted ω s − . Also shown in figure 1 is the strong stable manifold W ss (0) (light blue curve), which is contained in W s (0) and approaches 0 along the direction of strongest contraction given by the eigenvector v ss . Finally, there is a second saddle equilibrium q, and it is shown in figure 1 with its one-dimensional stable manifold W s (q) (blue curve). Notice how in both panels of figure 1 the global manifold W s (0) closes up with itself along W ss (0). The crucial difference between the situations in panels (a) and (b) is the orientability of W s (0). Figure 1 (a) shows an orientable homoclinic bifurcation, where each (solid and transparent) half of W s (0) wraps around W s (q) and connects to itself along the strong stable manifold W ss (0), yielding a topological cylinder that surrounds the second equilibrium q and its stable manifold W s (q). In figure 1(b) , on the other hand, each (solid and transparent) half of W s (0) twists and returns to connect along W ss (0) to the other (transparent and solid) half; the result is a topological Möbius strip, showing that we are indeed dealing with a nonorientable homoclinic bifurcation. Notice how the transparent part of W s (0) rolls up around the stable manifold W s (q) of the second equilibrium q; see also the animation ako flip anim1.gif.
For both the orientable and the nonorientable case, a single periodic orbit Γ bifurcates from the homoclinic orbit Γ 0 upon parameter variation. The type of one-parameter unfolding one obtains depends on the sign of the saddle quantity
In this paper, we focus on the simplest case of σ < 0, which features a single stable periodic orbit Γ bifurcating when the homoclinic orbit is broken. How the global manifold W s (0) changes in the one-parameter unfolding is discussed in section 3 for the orientable homoclinic bifurcation and in section 4 for the nonorientable homoclinic bifurcation. Moreover, we also consider W s (0) near codimension-two homoclinic flip bifurcations, where the orientability of W s (0) at the moment of homoclinic bifurcation changes. There are three cases of unfoldings of increasing difficulty for both the case of an inclination flip and an orbit flip [25, 27, 39, 40, 41, 42, 45] . Here, we restrict to the simplest cases of a flip bifurcation for σ < 0, and consider how the global stable manifold W s (0) changes when the homoclinic orbit changes orientability; the two-parameter unfolding of an inclination flip is presented in section 5 and that of an orbit flip in section 6.
In the spirit of bifurcation theory, we present for each of the unfoldings, for suitable and representative values of the parameters, a set of images of how the phase space is organised globally. Firstly, we compute and render the stable manifold W s (0) as a surface in R 3 ; the two images in figure 1 at the moment of codimension-one homoclinic bifurcation are examples. These renderings represent the first illustrations of how the unfoldings of the respective codimension-one and codimension-two homoclinic bifurcations manifest themselves in a concrete vector field; in particular, we present the first images of how the global two-dimensional stable manifold returns to the saddle equilibrium at a codimension-two homoclinic flip bifurcation (where it is neither orientable nor nonorientable). Moreover, we present the unfoldings by images of the intersection sets of W s (0) (which are curves) with a sufficiently large sphere S R around 0 that encloses the homoclinic orbit Γ 0 . Since the sphere S R is compact and two-dimensional, this representation is very convenient for studying how W s (0) and the basin of attraction B(Γ) of the bifurcating periodic orbit Γ change during the respective bifurcation. We find that considering the relevant objects on S R is the most suitable way of determining the topological nature of the organisation of phase space; see also [1, 2] .
The two-parameter bifurcation diagrams of the flip bifurcations are also illustrated, for increased clarity, by topological sketches of the relevant intersection sets with the sphere S R . Our results show interesting geometric differences between the inclination flip and the orbit flip, while confirming that their unfoldings are topologically the same. In particular, we find, for the specific example of the Sandstede model, fold curves of (structurally stable) heteroclinic connections between the origin 0 and the second saddle equilibrium q, which turn out to be essential for understanding the change in the orientability of W s (0). Overall, our investigation provides a thorough geometric understanding of the global features of homoclinic bifurcations and their unfoldings. We believe that this will also prove valuable in applications where these bifurcations arise. For instance, orbit flip points can be found in the Hindmarsh-Rose model, which is a simplified polynomial model of a certain class of neuron cells [47] . Orbit flip bifurcations also play a role in the creation of Lorenz-like attractors of systems with reflectional symmetry [19] . Inclination flips, on the other hand, organize the emergence of mixed-mode oscillations in a Van der Pol-Duffing model [29] , and they are associated with the excitable behaviour of reaction-diffusion systems subjected to nonlocal coupling [5] . Indeed, the properties and bifurcations of two-dimensional global (un)stable manifolds can be investigated in other vector field models, such as the above, with the same tools employed here. Hence, the investigation of the Sandstede model presented here can also be viewed as a case study of what can be achieved with the general approach of computing a global invariant manifold as a family of orbit segments defined by a well-posed two-point boundary value problem [1, 32, 33] .
The paper is structured as follows. We introduce some notation and background material in section 2; here we also present the Sandstede model. The orientable case of the codimension-one homoclinic bifurcation is analyzed in section 3 and the nonorientable case in section 4. The codimension-two inclination and orbit flip bifurcations are the subject of section 5 and section 6, respectively. Section 7 contains a discussion of the results and an outlook of future research. Finally, in the Appendix we give a brief summary of the numerical techniques that were employed to calculate global two-dimensional stable manifolds and their intersection sets.
Notation and background
Consider the hyperbolic equilibrium 0 of the vector field (1) with n = 3, with the three real eigenvalues λ ss < λ s < 0 < λ u and associated eigenvectors v ss , v s and v u , respectively. Then the global stable and unstable manifolds of 0 are defined as
According to the Stable Manifold Theorem [21, 36] , W s (0) is an (immersed) manifold of dimension two, which is as smooth as f and tangent at 0 to the linear eigenspace E s (0) spanned by v ss and v s . Likewise, W u (0) is a smooth (immersed) manifold of dimension one, and it is tangent at 0 to the linear eigenspace E u (0) spanned by v u . Moreover, W s (0) contains the unique one-dimensional strong stable manifold W ss (0) of points that converge to the origin tangent to the eigenvector v ss of the strongest stable eigenvalue. A periodic orbit Γ of (1) is stable if there exists a neighbourhood U of Γ that satisfies
The basin of attraction B(Γ) of Γ is then the set of all points in phase space that converge to Γ in forward time; it can be defined as B(Γ) = t≤0 ϕ t (U ), where U ⊂ R 3 is any open neighbourhood of Γ satisfying (3).
Homoclinic bifurcation of codimension one
A homoclinic orbit Γ 0 is an orbit of (1) that converges to the saddle equilibrium 0 in both forward and backward time; one also speaks of a connecting orbit. Hence, Γ 0 is an intersection curve of the stable manifold W s (0) and the unstable manifold W u (0). Since W u (0) has dimension one (for the case n = 3 considered here), Γ 0 is formed by one of the two branches of W u (0), which then lies entirely in the surface W s (0). The homoclinic orbit Γ 0 is of codimension one -meaning that it is encountered in a structurally stable way when a single parameter is allowed to vary -provided the following genericity conditions are satisfied [24, 25, 43, 45] . Figure 2 : A sketch of the unfolding of a planar codimension-one homoclinic bifurcation for the case σ < 0 when a single stable limit cycle Γ bifurcates from the homoclinic orbit Γ 0 .
(G1) The eigenvalues satisfy |λ s | = λ u .
(G2) The homoclinic orbit Γ 0 converges to the equilibrium along the weak stable direction, that is, tangent to the eigenvector v s .
(G3) A general vector tangent to W s (0), if followed backwards in time along Γ 0 , returns to the origin along the strong stable direction, i.e., tangent to W ss (0).
Under the genericity conditions (G1)-(G3), only two types of homoclinic bifurcations can exist, which are determined by the orientability of the two-dimensional stable manifold W s (0). Notice that condition (G3) implies that at the homoclinic bifurcation, W s (0) comes back to itself and 'closes up' along the strong stable manifold W ss (0). If (the appropriate part of) W s (0) forms a topological cylinder, one is dealing with an orientable homoclinic bifurcation; if W s (0) forms a topological Möbius strip, one is dealing with a nonorientable or twisted homoclinic bifurcation. These two cases of codimension-one homoclinic orbits are the ones illustrated in figure 1(a) and (b). Note that (G1) is satisfied for the chosen parameter values. Moreover, in both panels of figure 1, as one follows Γ 0 in forward time, one approaches 0 tangent to v s , meaning that condition (G2) is also satisfied. Finally, the manifold W s (0) comes back to itself tangent to W ss (0) so that condition (G3) is met.
We remark that the two cases of homoclinic bifurcation in figure 1 can be seen as two different 'extensions' of a planar homoclinic bifurcation to R 3 . Figure 2 shows the classical unfolding of a planar homoclinic bifurcation, with panels showing phase portraits before, at and after the bifurcation, for the case of a negative saddle quantity σ so that the bifurcating periodic orbit is attracting. Note that for a planar homoclinic bifurcation (that is, for n = 2) the genericity conditions (G2) and (G3) are always trivially satisfied, since the saddle only has a single stable eigenvector. Figure 2(b) shows the moment of homoclinic bifurcation where the respective two branches of W s (0) and W u (0) coincide to form the planar homoclinic orbit Γ 0 that connects the origin 0 with itself. Since σ < 0, the homoclinic orbit Γ 0 is attracting from the inside, as is shown by the trajectory that spirals out from the repelling second equilibrium q. The planar homoclinic orbit is unfolded as is shown in figure 2 . Before the bifurcation, in panel (a), the manifolds W s (0) (blue) and W u (0) (red) miss each other in such a way that all typical points escape to infinity. After the homoclinic bifurcation, their relative position is different and an attracting periodic orbit Γ (green) is born. Its basin of attraction B(Γ) (green shading) is bounded by W s (0) (blue). If the planar homoclinic orbit in figure 2(b) is to be embedded into R 3 then the simplest approach is to add a uniformly strongly attracting direction perpendicular to the plane, yielding a strong stable direction of the saddle equilibrium 0 while still σ < 0. In this way, the stable manifold W s (0) is 'extended' by this new coordinate as a two-dimensional object in a trivial way. In particular, W s (0) forms a topological cylinder and the conditions (G2) and (G3) are still satisfied. Indeed, this is the geometry of the orientable homoclinic orbit in the Sandstede model that is shown in figure 1(a) . Hence, one would speculate that the unfolding of the orientable homoclinic bifurcation in figure 1(a) can be obtained in the same spirit directly from figure 2(a) and (c). This case of codimension-one homoclinic bifurcation is discussed first, in section 3.
It is not at all necessary that the direction perpendicular to the homoclinic orbit is uniformly strongly attracting. Indeed, the only requirement is that 0 has an additional strong stable direction (which is a local condition) and that conditions (G2) and (G3) are satisfied. The nonorientable homoclinic orbit in figure 1(b) provides an example showing that the overall geometry of a homoclinic bifurcation in R 3 may be much more complicated. In particular, the unfolding of a codimension-one nonorientable homoclinic orbit cannot be deduced simply from knowledge of the planar case in figure 2 . It is the subject of section 4, where the emphasis is on how the manifolds W s (0) and W u (0) rearrange to create (or destroy) the basin of attraction B(Γ) of the bifurcating periodic orbit Γ.
Note that a planar homoclinic bifurcation with positive saddle quantity σ produces a repelling periodic orbit. Its unfolding can be obtained from that in figure 2 simply by reversing the direction of time. In dimension n ≥ 3, however, it is no longer true that the two cases of σ < 0 and σ > 0 can be transformed into one another by reversing time. For both the orientable and the nonorientable codimension-one homoclinic bifurcation, still a single periodic orbit Γ bifurcates, but it is attracting for σ < 0 and of saddle type for σ > 0 (assuming, as is done here, that there is a single unstable eigenvalue of the saddle equilibrium); see [24, 25, 43, 45] for more details. For the homoclinic bifurcation with σ < 0, as considered here, it suffices to study the two-dimensional global manifold W s (0). The homoclinic bifurcation with σ > 0, on the other hand, is beyond the scope of this paper. In its study the stable manifold W s (Γ) of the saddle periodic orbit Γ, which may be orientable or nonorientable, needs to be taken into account as well; moreover, σ > 0 gives rise to more complicated cases of flip bifurcation.
Codimension-two homoclinic flip bifurcations
Whenever one of the conditions (G1)-(G3) fails, one encounters (under additional genericity conditions) a codimension-two homoclinic bifurcation as follows.
• If (G1) fails, |λ s | = λ u and one speaks of a resonant homoclinic bifurcation.
• If (G2) is not satisfied, the homoclinic orbit Γ 0 returns to the saddle tangent to the strong stable manifold W ss (0) and one speaks of an orbit flip bifurcation.
• When (G3) fails, W s (0) comes back along the weak stable direction, that is, tangent to the eigenvector v s , and one speaks of an inclination flip bifurcation.
Of particular interest in this paper are the flip bifurcations as mechanisms by which global invariant manifolds change their orientability. Indeed, if one follows a homoclinic orbit Γ 0 through either an inclination flip or an orbit flip bifurcation, the stable manifold W s (0) switches from orientable to nonorientable, or vice versa, at the codimension-two point [24, 27, 41, 43, 45] . Different unfoldings of these codimension-two homoclinic flip bifurcations are possible; see [22, 25, 27, 41, 45] and the overviews in [24, 43] for details. Even though, in each case, they are defined by slightly different conditions on the eigenvalues of 0, the orbit flip and inclination flip bifurcations both lead to the same three unfoldings: (C) A very complicated bifurcation diagram emerges that includes n-homoclinic orbits and horseshoe dynamics. This unfolding occurs if σ > 0 and |λ ss | < λ u for both inclination and orbit flip bifurcations. In addition, in the case of an inclination flip, it also occurs if σ > 0, |λ s | < λ u /2 and |λ ss | > λ u .
In keeping with considering the case that σ < 0, we investigate here only the unfoldings of type A of inclination flip and orbit flip bifurcations in sections 5 and 6, respectively. They constitute the simplest processes in which a two-dimensional invariant manifold can switch from forming a cylinder to forming a Möbius strip. The implications of this change of orientability for the organisation of phase space near the codimension-two flip bifurcations of type A are discussed.
The Sandstede model
We find and analyze the homoclinic bifurcations considered here in the vector field model by Sandstede [46] given by
The vector field X S was constructed with the specific aim of possessing different kinds of codimension-two homoclinic bifurcations for suitable choices of the parameters (a, b, c, α, β, γ, δ, µ,μ). In particular, system (4) allows us to find and unfold in a convenient way the orientable and nonorientable codimension-one homoclinic bifurcations, as well as the codimension-two inclination flip and orbit flip bifurcations. The origin 0 ∈ R 3 is a saddle equilibrium of (4); for µ = 0 the eigenvalues of the linearization of X S at 0 are given by
The Sandstede model (4) also has a second saddle equilibrium, denoted q. For the parameter values that we consider the equilibrium q always has a one-dimensional stable manifold W s (q) and a two-dimensional unstable manifold W u (q). Moreover, the unstable eigenvalues of q are complex conjugate, hence q is a saddle-focus, meaning that the orbits in W u (q) move away from q in a spiralling fashion. Taking b > |a| ≥ 0, c < 0 and (µ,μ) = (0, 0), Sandstede proved that a homoclinic orbit of (4) exists and is contained in the Cartesian leaf Γ 0 = {(x, y, z)| x 2 (1 − x) − y 2 , z = 0}. Moreover, from [46] one gets the following results:
• An inclination flip occurs for c < a − b and β = 1. In the unfolding, the parameterμ breaks the homoclinic orbit and α breaks the inclination flip on this orbit.
• An orbit flip occurs for c > a − b and β = 0. In this case, the unfolding parameters µ andμ are both involved in breaking the homoclinic orbit and the orbit flip on it.
The starting point of our calculations is the explicit homoclinic orbit
that is contained in the Cartesian leaf. This solution can be continued in suitable parameters with the package Auto [15] and its extension HomCont [6] . In addition, HomCont is able to detect inclination flip and orbit flip bifurcations, which allows us to trace curves of homoclinic bifurcations that contain codimension-two flip points. More concretely, taking the explicit solution (5) In both cases, the eigenvalues of 0 are (λ u , λ s , λ ss ) = (1, −1.1, −1.2); hence, one obtains λ u < |λ s | < |λ ss |. This condition ensures that the saddle quantity σ < 0 and, hence, the inclination flip and orbit flip bifurcations are both of type A [24, 43] By its inception, the Sandstede model can be considered as a kind of normal form for homoclinic bifurcations. In the same spirit, we make a scaling that is useful for the visualization of our calculations. Namely, we consider the normalized Sandstede model X J , for which the linear part at 0 is in Jordan form, so that the eigenvectors align with the coordinate axes. More precisely, let P = [v ss , v s , v u ] be the matrix formed by the (unit) eigenvectors of the origin 0 of system X S ; note that P depends on all parameters. Then the normalized vector field X J is given by
To distinguish X J from the original Sandstede model (4) we refer to the coordinates of X J as u, v and w. Note that X J is C ∞ -conjugate to X S [21, 36] ; this means, in particular, that X J has exactly the same qualitative dynamics as X S , but now Figure 1 and the illustrations in sections 3, 4 and 5 are all rendered in the (u, v, w)-space of the normalized form (6) of the Sandstede model (4). For the orbit flip bifurcation in section 6, on the other hand, we used in (6) the fixed matrix P = P OF given by the eigenvectors of 0 at the moment of orbit flip bifurcation; this choice provides a more suitable visualization of the unfolding of the orbit flip (which is due to moving eigenvectors).
The orientable homoclinic bifurcation
We start our analysis by considering the codimension-one orientable homoclinic bifurcation, which occurs in system (4) for (α,μ) = (0, 0) where the other parameters are as in (IF) in section 2.3. The homoclinic orbit Γ 0 exists whenμ = 0; thus, to unfold this codimension-one homoclinic bifurcation it suffices to varyμ (and keep the other parameters, including α, fixed). In particular, indeed σ < 0 and an attracting limit cycle Γ exists for µ > 0. (4) is invariant and also contains the secondary equilibrium q; hence, the same is the case for the (v, w)-plane of (6). In particular, the two trajectories ω s + and ω s − lie in the (v, w)-plane, and they divide W s (0) exactly into two symmetric halves. This symmetry is special, but helpful for visualizing the way W s (0) forms a topological cylinder at the homoclinic bifurcation. In particular, it most clearly illustrates that the unfolding of the orientable homoclinic bifurcation in figures 1(a) and 3 is analogous to the product of the planar situation in figure 2 with an additional strongly contracting direction.
More specifically, Figure 3 (a) shows the situation forμ < 0, before the bifurcation. The portion of the manifold W s (0) in the half-space v > 0 rolls up around the one-dimensional stable manifold W s (q) of the saddle-focus q; therefore, there is a structurally stable heteroclinic connection γ 1 between q and 0, which is formed by the trajectory ω s + in this case. Moreover, the upper part of W u (0) passes above W s (0) and then heads towards large negative w, and so does its lower branch. In figure 3 (b) forμ > 0, after the bifurcation, W s (0) comes quite close to 0 but then folds towards negative values of v, where it lies very close 'on top' of itself; meanwhile, the upper branch of W u (0) converges to the bifurcating stable periodic orbit Γ. In particular,
The situations before and after a codimension-one orientable homoclinic bifurcation of (4) the heteroclinic connection between q and 0 is lost. The transition between these two cases asμ passes through 0 happens at the bifurcation shown in figure 1(a) where W s (0) closes up along W ss (0).
While the global geometrical differences between the three cases are clear from these figures, it is not yet evident how the basin of attraction B(Γ) of the stable periodic orbit Γ is created. Moreover, since most of the objects under consideration are unbounded in phase space, it is still not entirely clear what the role of W s (0) is in the organization of the overall dynamics and, in particular, of the basin B(Γ).
Intersections of the invariant manifolds with a sphere
To illustrate the global properties of W s (0) we consider the intersection set
with a sufficiently large sphere S R of radius R centred at the origin 0, chosen such that the homoclinic orbit Γ 0 and the limit cycle Γ are entirely contained in S R ; for the parameter values we work with in this paper, this is achieved for R = 1.1. Apart from W s (0) we consider the intersection sets
The main advantage is that, since the sphere S R is compact, all the intersection sets of the invariant objects are bounded. Note that W s (0) is a set of one-dimensional curves on S R , while the other intersections sets contain only isolated points on the sphere. Figure 4 shows the curve W s (0) (black curve) on the sphere S R , together with the portion of W s (0) that lies inside S R . Shown in panels (a)-(c) are the situations before, at and after the orientable homoclinic bifurcation, where we make the same distinction between the solid and transparently rendered halves of W s (0) as in figures 1 and 3. Also shown is W ss (0), which intersects S R at two points and W s (0) is a single closed curve on S R . Notice that figure 4 also shows the tangency locus C ⊂ S R , along which the vector field X J is tangent to the sphere, defined by
where n(u) = u/||u|| is the unit normal vector to S R at u. The set C consists of two curves that separate the sphere into regions where the flow points out of S R (indicated by the symbol ) and into S R (indicated by the symbol ⊗), respectively. The knowledge of the tangency locus C is relevant for the organization of the intersection sets of the invariant objects; in particular, the return map on S R is not a global diffeomorphism; see also [38] . We remark that the corresponding one-dimensional intersection curves W s (0) can be computed reliably even when they cross the tangency locus C [16] .
How the intersection set W s (0) on S R changes during the orientable homoclinic bifurcation can be observed from the three-dimensional views in figure 4. However, it is more convenient to consider the stereographic projection of S R onto a suitable plane. Specifically, we project onto a plane, which is chosen to be parallel to the (u, v)-plane and tangent to S R at the north pole (0, 0, R) ∈ E u (0) ∩ S R , by means of the transformation
where (u, v, w) ∈ S R . Figure 5 shows the stereographic projections of the intersection sets on S R before, at and after the bifurcation in panels (a)-(c). Since, we are only interested in the intersections occurring in the 4 ), all the relevant information of the unfolding is shown in figure 5 in a single planar image. In all three panels of figure 5, the entire intersection set W s (0) is located in the region where the flow points into the sphere; hence, all the various stable manifolds and submanifolds in phase space enter S R in forward time and do not leave it again.
We now describe in more detail the intersection sets on the sphere S R near an orientable homoclinic bifurcation, which are shown in figure 5. This figure is complemented in figure 6 with 
0) may seem a bit unneccessary at this stage, but it will turn out to be rather helpful for understanding (the difference with) the nonorientable homoclinic bifurcation.
In figure 5 (a), before the bifurcation, W s (0) = { W s a± } is a single curve with finite arclength. When followed from left to right, the arc W 
The nonorientable homoclinic bifurcation
We now consider the nonorientable case of a codimension-one homoclinic bifurcation in the Sandstede model (4). A nonorientable homoclinic bifurcation exists for (α,μ) = (1, 0), where the other parameters are fixed at the same values used for the orientable case in section 3. In particular σ < 0 and the bifurcation is unfolded byμ, which is the parameter we change. A stable periodic orbit Γ forμ > 0 is created from the nonorientable homoclinic orbit Γ 0 atμ = 0. Figure 7 shows the unfolding of the codimension-one nonorientable homoclinic bifurcation in figure 1(b). The manifold W s (0) is shown up to the same size, and it is again divided into two halves (a solid and a transparent one) by the orbits ω figure 7 (a). The main feature of figure 7 is that W s (0) comes back near itself with a twist, meaning that, when the manifold returns close to itself, the solid part is near the transparent part and vice versa; compare with figure 3. In the process, W s (0) spirals around the one-dimensional stable manifold W s (q) of the saddle-focus q (which is obscured by a part of W s (0)). It is clear from figure 7 and figure 1(b) that the stable manifold W s (0) near a nonorientable homoclinic bifurcation has a considerably more complicated geometry compared to the orientable homoclinic bifurcation in section 3. In particular, it is not straightforward to imagine the unfolding of the nonorientable homoclinic bifurcation from the knowledge of the planar homoclinic bifurcation in figure 2.
Intersections with a sphere
While figure 7 provides an overall view of the manifold W s (0) near a nonorientable homoclinic bifurcation, it is not yet clear what the implications are of this bifurcation in terms of the topological and geometrical changes to W s (0) and the organization of phase space. To address this issue, it is very helpful to consider again the intersections of W s (0) and the other invariant manifolds with the sphere S R with R = 1.1. Our starting point is figure 8, which shows the part of W s (0) that lies inside S R and is bounded by its intersection set W s (0). Shown are the situations before the bifurcation in panel (a), at the bifurcation in panel (b), and after the bifurcation in panels (c) and (d). Also shown in each panel are the one-dimensional manifolds W ss (0), W u (0) and W s (q), as well as the two-dimensional unstable manifold W u (q) (red surface); the sphere S R itself is not shown. Moreover, in the interest of a clearer visualization of the geometry, the portion of W s (0) that wraps around the left-hand part of W s (q) is shown in a less transparent rendering. Before the bifurcation, forμ < 0 in figure 8(a) , this darker portion of W s (0) wraps around a branch of W s (q) and intersects W u (q) transversally, forming the heteroclinic orbit γ 1 . At the bifurcation, forμ = 0 in figure 8(b) , the homoclinic orbit Γ 0 is formed; furthermore, since the intersection of W s (0) and W u (q) is transversal whenμ = 0 in figure 8(b) , it follows that γ 1 is structurally stable and persists near the nonorientable homoclinic bifurcation. As a result, after the bifurcation, in figure 8(c) , the manifolds W s (0) and W u (q) now intersect not only along γ 1 but also along a second heteroclinic orbit, denoted γ 2 . Both heteroclinic orbits coexist after the bifurcation with the stable periodic orbit Γ. Furthermore, the darker portion of W s (0) that crosses W u (q) has now the form of a double spiral around W s (q). As the parameterμ > 0 is further increased figure 8(d) , the two heteroclinic orbits γ 1 and γ 2 approach one another. As a consequence, the portion of W s (0) that crosses W u (q) becomes smaller. We conclude from this discussion that the two situations before an orientable and a nonorientable homoclinic bifurcation, respectively, are topologically equivalent; in particular, they both feature a heteroclinic connection from q to 0; compare figures 3(a) and 7(a). On the other hand, after a nonorientable homoclinic bifurcation we find two heteroclinic connections from q to 0, while after the orientable homoclinic bifurcation there are none; compare figures 3(b) and 7(b). Hence, these two situations are not topologically equivalent in system (4).
To investigate the consequences of the above observations for the topology of the intersections of W s (0) and the creation of the basin B(Γ) we now consider only the respective objects on the sphere. Figure 9 shows the stereographic projection given by (7) of the intersection sets on S R before the bifurcation in panel (a), at the bifurcation in panel (b), and after the bifurcation in panels (c) and (d). The accompanying figure 10 shows the situations before, at and after the nonorientable homoclinic bifurcation by way of sketches of the set W s (0) near the point W figure 10(c1) ) and the basin B(Γ) becomes larger. The sequence of panels (a1)-(c1) in figure 10 is also useful in that it shows the local changes of the set 
Invariant manifolds near an inclination flip bifurcation
We now study W s (0) near a codimension-two inclination flip bifurcation of type A in (4), as defined in (IF) in section 2.3. On the level of the codimension-one homoclinic bifurcation, the inclination flip results in a transition from the orientable to the nonorientable case. Figure 11 shows the stable manifold W s (0) at the inclination flip bifurcation of type A, which marks the transition between the two panels of figure 1. As in figure 1 , for visualization purposes, the solid and transparent halves of W s (0) in figure 11 are separated by the homoclinic orbit Γ 0 and by the orbit segment ω s − with endpoint at distance 10 −5 from 0 on the eigendirection of v s . The solid half of W s (0) starts (in backward time) on the left side of Γ 0 , it then folds above the homoclinic orbit and comes back to W s (0) along a trajectory that is tangent to v s ; in figure 11 this is the chosen trajectory ω s − . The transparent half of W s (0) wraps around the branch of W s (q) in the half-space where u > 0 and accumulates on Γ 0 ; see also the animation ako flip anim3.gif. Overall, the manifold W s (0) does not come back to 0 along the strong stable manifold W ss (0) and the genericity condition (G3) in section 2.1 is violated. In particular, in this scenario, W s (0) is neither an orientable nor a nonorientable manifold. We believe that figure 11 is the first image of what the stable manifold looks like more globally at the moment of an inclination flip. Figure 11 : The stable manifold W s (0) of (4) at a codimension-two inclination flip bifurcation of type A, where it returns tangent to the weak stable eigenvector v s . Here (α,μ) = (α A , 0) with α A ≈ 0.860183, and the other parameters are as in figure 1 ; see also the accompanying animation ako flip anim3.gif.
The bifurcation diagram near an inclination flip of type A
We now consider the two-parameter bifurcation diagram of the inclination flip of type A in (4). We first consider this bifurcation on the level of the changes of the manifold W s (0). Figure 12 shows the bifurcation diagram of the inclination flip of type A in the (α,μ)-plane as the panel labeled BD; also shown are representative phase portraits in the three-dimensional phase space. The central panel A I shows an enlargement of figure 11 near the origin at the moment of the inclination flip bifurcation, which corresponds to the point A I on the curve of homoclinic bifurcation given by {(α,μ)|μ = 0} in the bifurcation diagram. The parameterμ still unfolds the homoclinic bifurcation, creating a stable periodic orbit Γ that exists whenμ > 0. On one side of A I , for α < α A , the homoclinic bifurcation is orientable, labeled H o ; and on the other side of A I , when α > α A , it is nonorientable or twisted, labeled H t . The curve labeled F corresponds to fold points at which a nontransverse heteroclinic orbit γ * exists in phase space that connects the saddle-focus q to the origin. The bifurcation curves in figure 12 separate three different open regions in the (α,μ)-plane, labeled 1, 2 and 3, respectively.
In order to identify the topological nature of the different phase portraits and transitions, figure 13 shows the same bifurcation diagram as figure 12 , but now in terms of the intersection sets on the sphere S R . To help with the interpretation of the different configurations, figure 14 presents an unfolding of the inclination flip of type A as topological sketches of the different invariant manifolds on a sufficiently large sphere. These sketches, which are obtained from detailed observation and suitable enlargements of the images in figure 13 , are useful in that they bring out all the essential changes of the set W s (0) in a clear way. Taken together, figures 12-14 explain the topological changes of invariant manifolds that one finds near an inclination flip of type A in (4). We now discuss the different transitions from one region to another. 
The transition through the codimension-one homoclinic bifurcation
The transition through the codimension-one homoclinic bifurcation near the inclination flip point can be either orientable or nonorientable. Going from region 1 through the segment H o for α < α A into region 2 leads to a transition through a codimension-one orientable homoclinic bifurcation as described in section 3. In particular, panels 1, H o and 2 of figure 12 are topologically as figures 3(a), 1(a) and 3(b), respectively. Similarly, panels 1, H o and 2 of figure 13 are topologically equivalent to those in figure 5. Going from region 1 through the segment H t for α > α A into region 3 leads to a transition through a codimension-one nonorientable homoclinic bifurcation as described in section 4. Panel 1 of figure 12 is topologically as figure 7(a), and panels H t and 3 show the same manifolds as figures 1(b) and 7(b), respectively, albeit from a different viewpoint. Similarly, panel 1 of figure 13 is topologically as in figure 9 (a), and panels H t and 3 of figure 13 are figures 9(b) and 9(c), respectively. The fact that region 1 is adjacent to both curves H o and H t confirms that figures 3(a) and 7(a) are indeed topologically equivalent as was already observed in section 4.1.
As we discuss now, the fact that the inclination flip point A I is nearby causes some interesting geometrical 
The transition through the fold curve F
The transition from 2 to 3 is related to the number of heteroclinic orbits connecting the saddle focus q to the origin 0 in each region. Namely, for any point (α,μ) above the curve F, that is, in region 2, there is no connecting orbit between q and 0; on the other hand, below the curve F, in region 3, the vector field has two heteroclinic orbits γ 1 and γ 2 connecting q and 0; see sections 3 and 4. Along the curve F a fold of heteroclinic connections occurs, which corresponds to a nontransverse (quadratic) tangency of the two-dimensional manifolds W s (0) and W u (q). This is the first time, as far as we know, that the curve F is observed in the literature in the unfolding of an inclination flip bifurcation of type A; its presence is due to the presence of the additional saddle point q.
To get a better understanding of the organization of the invariant sets in the transition through the curve F in the (α,μ)-plane, figure 15 shows the portion of W s (0) inside S R and bounded by W s (0) ⊂ S R , seen from two different viewpoints, in region 2, on the curve F and in region 3, respectively. To highlight the changes to W s (0), the portion that wraps around the left-hand side of W s (q) is again rendered with a different degree of transparency than the rest of the manifold. 
The transition along the homoclinic curve through the point A I
We now consider in more detail the geometrical mechanism of the transition at the inclination flip from an orientable to a nonorientable homoclinic bifurcation. The sequence H o to A I to H t in figure 12 illustrates how the two-dimensional manifold W s (0) returns along Γ 0 . Figure 17 shows the intersection sets on the sphere S R at an orientable homoclinic bifurcation H o in panel (a), at the point A I in panel (b), and at a nonorientable homoclinic bifurcation H t in panels (c) and (d). The corresponding values of α = α A in figure 17 are taken closer to α = α A than in figure 13 ; hence, the respective codimension-one homoclinic bifurcations in figure 17 are seen as 'approaching' the inclination flip point from either side. Because it plays a role at codimension-two bifurcation, we also show the point ω At the point A I , the surface W s (0) comes back to 0 tangent to the weak stable eigenvector v s , violating condition (G3) in section 2. This means that the manifold W s (0) 'closes up' along a trajectory that is tangent to v s , and the trajectory ω s − plays exactly this role. In other words, the stable manifold W s (0) at A I is neither orientable nor nonorientable, but somehow 'in between' these two generic situations; see figure 11 and panel Finally, figure 17 also shows that all these rearrangements of sets on the sphere are genuinely due to the [38] . However, the curve W s l− does not undergo any topological rearrangement due to this tangency; compare also with the topologically equivalent scenario H t in figure 13.
Invariant manifolds near an orbit flip bifurcation
We now study the stable manifold W s (0) near a codimension-two orbit flip bifurcation of type A in (4), as defined in (OF) in section 2.3. As is the case for an inclination flip, the orbit flip results in a change from an orientable to a nonorientable codimension-one homoclinic bifurcation. However, the mechanism is different: the direction of approach of the homoclinic orbit Γ 0 back to 0 changes with respect to the strong stable manifold W ss (0), which corresponds to a violation of genericity condition (G2). This transition is illustrated in figure 19 , which shows the codimension-one homoclinic bifurcation before, at and after an orbit flip bifurcation of type A. Each situation is illustrated by projections onto the (v, w)-plane and the (u, v)-plane, respectively. Shown in figure 19 are the one-dimensional objects that were also considered in earlier sections, namely the homoclinic orbit Γ 0 , the strong stable manifold W ss (0), and the stable manifold W s (q) of the secondary equilibrium q; also shown is a small disc around 0 that represents E s (0). In the interest of visualizing how the one-dimensional manifolds change, in the normalization (6) we now use the fixed matrix P = P OF given by the eigenvectors of 0 at the moment of orbit flip bifurcation. At the codimension-two bifurcation we have, as in previous chapters, that E u (0) is the w-axis, span(v s ) is the v axis and span(v ss ) is the u-axis. However, in contrast to previous chapters, away from the orbit flip, the eigendirections are now allowed to move away from the coordinate axes, which is crucial for observing the bifurcation.
Before the orbit flip bifurcation, in panels (a1) and (a2) of figure 19 , the homoclinic orbit Γ 0 is tangent to the weak stable direction and it returns to 0 from the direction of negative v. As the orbit flip bifurcation is approached, the strong stable manifold W ss (0) of 0 moves anti-clockwise around the w-axis in figure 19 (a2)-(c2). At the orbit flip bifurcation, in panels (b1) and (b2), W ss (0) is tangent to the u-axis. At the same time, Γ 0 is now contained in the (u, w)-plane and returns back to 0 tangent to the u-axis and, hence, v ss -in violation of genericity condition (G2); see section 2.1. In fact, Γ 0 is contained in W ss (0) at the codimension-two point; note that the submanifold W ss (0) is uniquely defined. Finally, after the orbit flip bifurcation, in panels (c1) and (c2) of figure 19, Γ 0 is again tangent to the weak stable direction at 0, but it now returns to 0 from the direction of positive v. Figure 19 shows an orbit flip bifurcation on the level of the relative movements of Γ 0 with respect to the strong stable manifold W ss (0), which makes it is quite straighforward to recognize that an orbit flip has taken place. However, it is not immediately clear from this figure that a change of orientability of the homoclinic orbit Γ 0 ensues.
Change of orientability at an orbit flip point
We now consider how the two-dimensional manifold W s (0) changes in the transition through an orbit flip bifurcation of type A. Figure 20 shows three phase portraits of homoclinic bifurcations before, at and after the orbit flip; they are topologically as those in figure 19 , but now also contain W s (0). In the interest of a better visualization of the orientability change, W s (0) is again divided into two halves that are rendered as solid and transparent, respectively. However, this time the two separating orbits η ± ⊂ W s (0) are chosen differently, namely by requiring that their endpoints lie at distance 10 −5 from 0 along the u-axis. Hence, at the moment of bifurcation, and only then, the two halves of W s (0) are separated exactly by the strong stable manifold W ss (0) (which then also forms the homoclinic orbit Γ 0 ). In each of the three cases, W s (0) returns back to itself along the strong stable manifold W ss (0). At the orientable homoclinic bifurcation, in figure 20(a) , W s (0) is a cylinder. This situation is topologically as that in figure 1(a) , but there are clearly some differences in geometry. Notice how the solid half of W s (0) accumulates on the branch of W s (q) in the half-space v > 0. The transparent half, mainly located in the half-space v < 0, has a part that moves towards the half-space u > 0 and it makes a loop near Γ 0 before it comes back to 0 along W ss (0). At the orbit flip, in figure 20( figure 20(c) , the solid half of W s (0) passes below Γ 0 towards the half-space v < 0, forming a heteroclinic orbit denoted γ 1 ; it then comes back tangent to the branch of W ss (0) contained in the transparent half. In addition, the transparent half makes a large turn around W s (q) and comes back tangent to the branch of W ss (0) contained in the solid half. As a consequence, W s (0) is a nonorientable manifold and the situation is topologically as in figure 1(b) .
The bifurcation diagram near an orbit flip point of type A
We now discuss the two-parameter bifurcation diagram of the orbit flip of type A in figure 20(b) on the level of the rearrangements of the manifold W s (0) and the intersection set W s (0) ⊂ S R . Figure 21 shows its bifurcation diagram in the (µ,μ)-plane as the panel labeled BD. Here the scalinḡ µ = 100 (μ − H(µ)) is used because the curves F and H t are very close together in the (µ,μ)-plane; it transforms the curve of homoclinic bifurcation to the µ-axis in the (µ,μ)-plane (see the inset), thus allowing one to separate F from H t . Figure 21 also shows all the possible configurations of the manifold W s (0) near the central bifurcation point A O in a clockwise arrangement around the panel BD. In particular, panels H o , A O and H t are on the curve of homoclinic bifurcation (withμ = 0), and they are enlargements of panels (a)-(c) of figure 20, respectively. As we have seen for the inclination flip in section 5, on one side of A O , along H o , the homoclinic bifurcation is orientable and on the other side of A O , along H t , it is nonorientable. The parameter µ (and, hence,μ) unfolds the homoclinic bifurcation, giving rise to the regions 1, 2 and 3 in the (µ,μ)-plane; the curve F is a locus of fold bifurcation where there is a nontransverse heteroclinic orbit γ * that connects the secondary (saddle-focus) equilibrium q to the origin. Figure 22 shows the same bifurcation diagram as figure 21 , but now in terms of the intersection sets on the sphere S R ; corresponding topological sketches (in terms of the generic unfolding parameters µ 1 and µ 2 ) are shown in figure 23 . Together, figures 21-23 allow us to determine the topological changes of the manifold W s (0) and the set W s (0) as a point (µ,μ) moves through the different regions near the codimension-two bifurcation point A O .
We first consider the transition from an orientable homoclinic bifurcation along H o via the orbit flip bifurcation at A O to a nonorientable homoclinic bifurcation along H t . To this end, we concentrate on the respective intersection sets on the sphere S R as shown in figures 22 and 23. As the parameter moves along the segment H o towards A O , the point W ss − and, as a consequence, the topological circle W s l+ (labelled in figure 23 ) moves figure 19 ; see also the accompanying animation ako flip anim4.gif of the codimensiontwo case.
towards W + (q) in a spiral fashion. At the point A O the point W ss − dissapears after collapsing into W + (q); this is due to the fact that the branch of W ss (0) that forms the homoclinic orbit Γ 0 does not leave the sphere S R . [24, 25, 45] , away from the codimension-two point the unfolding of the orbit flip of type A is effectively as that for an inclination flip of type A. Indeed, there are some geometric differences, for example, in terms of the sizes of spirals and regions. Most prominent is the observation that in panel 3 of figure 22 there appears to be no basin of attraction of the bifurcating periodic orbit Γ. However, the enlargement of the rectangular regions in figure 24 shows that the basin B(Γ) of S R indeed exists but is very narrow. On the other hand, the phase portrait at the moment of the 
Discussion
In this paper we investigated the two-dimensional stable manifold W s (0) of a saddle equilibrium 0 with real eigenvalues near a codimension-one and certain codimension-two homoclinic bifurcations for the case that the saddle quantity is negative. At the codimension-one bifurcation, W s (0) is either a topological cylinder or a Möbius strip, and one deals with an orientable or nonorientable homoclinic bifurcation, respectively. Since the saddle quantity is taken to be negative, breaking the homoclinic orbit Γ 0 produces a single stable periodic orbit Γ. The change of orientability of the homoclinic bifurcation occurs at codimension-two homoclinic bifurcations, called inclination flip and orbit flip bifurcations [25] . The condition of negative saddle quantity leads to the unfolding of type A for both flip bifurcations, which are characterized by the existence of a single stable bifurcating periodic orbit [43] .
Our study was performed on a vector field model by Sandstede (4), which was specifically created to feature different kinds of homoclinic bifurcations [46] . By continuing a homoclinic solution of the Sandstede model with Auto [15] and its extension HomCont [6] , we traced in parameter space curves of homoclinic bifurcations that contain inclination flip and orbit flip points. This allowed us to investigate the role of W s (0) near the codimension-one and -two homoclinic bifurcations by varying the unfolding parameters in a suitable way.
Our approach was to compute and study the surface W s (0) as a global object in phase space that re-arranges itself (both topologically and geometrically) as the system undergoes the different bifurcations. In the process, the basin of attraction of the bifurcating stable periodic orbit Γ is formed, and it is bounded by W s (0). A suitable portion of W s (0) was computed via the numerical continuation of orbits segments and then rendered as a surface. In this way, we provided images, to our kowledge for the first time, of orientable and non-orientable manifolds at and near codimension-one and codimension-two homoclinic bifurcations. Moreover, we considered the intersection set W
with a sphere S R that contains the homoclinic orbit in its entirety. This allowed us to characterize the different configurations of the set W s (0) near the orientable and nonorientable codimension-one homoclinic bifurcations and the codimension-two flip bifurcations of type A. Notice that the observed properties of the intersection sets do not depend on the size of the sphere S R , provided it is sufficiently large.
In this way, we presented one-parameter and two-parameter bifurcation diagrams for the Sandstede model (4) on the level of the invariant manifolds involved. We found in these unfoldings an extra bifurcation curve separating two different regions and due to a fold bifurcation of heteroclinic orbits between the origin 0 and a secondary equilibrium q. We can summarize our findings as follows:
Results. (Manifold structure near flip bifurcations of type A) Consider the model (4) near an inclination flip or an orbit flip homoclinic bifurcation of type A at the origin 0 which also features a saddle-focus q. If S R is a sphere centered at 0 of sufficiently large radius R, then the following holds:
In both cases, the bifurcation diagram is topologically equivalent to the one in figure 14 or in figure 23 . It contains the homoclinic bifurcation curve divided in two segments of orientable (H o ) and nonorientable homoclinic bifurcations (H t ), respectively, separated by the codimension-two flip point denoted A I in the case of an inclination flip bifurcation, and A O in the case of an orbit flip bifurcation. There is also a curve denoted by F, along which there is a fold of heteroclinic orbits connecting 0 and the saddle-focus q.
The possible configurations of the intersection set W s (0) := W s (0) ∩ S R are as in the topological sketches in figure 14 and figure 23 near the inclination flip and orbit flip bifurcations, respectively. More specifically:
} is a single curve of finite arclength whose endpoints spiral exponentially towards the points
Moreover, in phase space there is a structurally stable heteroclinic orbit γ 1 from q to 0. Our results were obtained by careful and accurate numerical investigation based on the solutions of suitably formulated boundary value problems. They confirm that, as theory predicts, the two-parameter unfoldings of the two types of flip bifurcations of type A (apart from at the codimension-two points A I and A O themselves) are the same. Moreover, our investigation revealed the exact nature of the topological changes in the invariant manifolds and basin boundaries. In particular, we clarified and illustrated the two mechanisms by which the inclination flip and the orbit flip bifurcations induce a change in the orientation of manifolds.
It is an interesting realization that, although the creation and destruction of the homoclinic orbit Γ 0 can be explained purely in terms of the topological changes of the one-dimensional unstable manifold W u (0), in the Sandstede model (4) the presence of up to two heteroclinic orbits from the secondary equilibrium q to 0 proved to be essential to describe the interaction of the global two-dimensional manifolds in phase space. In particular, the associated curve F in the two-parameter bifurcation diagrams of the flip bifurcations of type A explains how the basin B(Γ) and its boundary undergo additional topological changes. Note that these bifurcations do not take place in a tubular neighborhood of the homoclinic orbit and, hence, represent an even more global feature of the system. Clearly, a saddle-focus q may not be present in a given vector field with a flip bifurcation; nevertheless, the existence of the heteroclinic orbits we found in (4) appears to be a manifestation of a more global feature that must be expected to occur near these codimension-two bifurcations. In particular, other invariant objects of saddle type (possibly at infinity) will play a role similar to that of the saddle-focus q. Therefore, we conjecture that there will be an associated topological difference between regions 2 and 3 in the respective bifurcation diagrams near flip bifurcations of type A.
Other homoclinic bifurcations can be studied with the same approach as used here. Currently, we are studying the case of a homoclinic orbit to a saddle equilibrium with repeated stable eigenvalues, that is, with algebraic multiplicity two. At this homoclinic bifurcation the equilibrium turns from a saddle with real eigenvalues into a saddle-focus with a complex pair of stable eigenvalues (or vice versa), which is known as a Belyakov point [3] . Near this point one finds (simple and chaotic) codimension-one Shilnikov homoclinic bifurcations, the manifold structure near which was studied in [1, 2] . We have restricted ourselves here to the case of a negative saddle quantity and, hence, to homoclinic bifurcations with a bifurcating stable periodic orbit. In a three-dimensional phase space, the case of a positive saddle quantity gives rise to a saddle periodic orbit with two-dimensional stable and unstable manifolds that may be orientable or nonorientable. Similarly, we considered only flip bifurcations of the simplest type A. The work presented here can be seen as a first step towards studying the nature of stable manifolds for the more complicated cases B and C [24, 25, 43] . For instance, a flip bifurcation of type B is the simplest transition between and orientable and a nonorientable codimension-one homoclinic bifurcation with a positive saddle quantity; it involves period-doubling bifurcation and the appearance of a curve of two-homoclinic orbits that make two close passes near the saddle before closing. The investigation of these homoclinic bifurcations of type B remains an interesting challenge for future work. One might also consider studying the manifold structure near a flip bifurcation of type C, but this represents a particular challenge because of the presence of infinitely many periodic orbits of saddle type nearby, which bifurcate in sequences of saddle-node and period-doubling bifurcations. Another codimension-two homoclinic phenomenon where the global invariant manifold structure is of interest is a resonant homoclinic bifurcation, which occurs when the saddle quantity vanishes [24, 25, 43] . Although this bifurcation does not involve changes in the orientability of manifolds, it does generate a periodic orbit of saddle type whose two-dimensional stable and unstable manifolds are important. The investigation of the role of global manifolds at a codimension-three resonant flip homoclinic bifurcation (which also come as types A to C) would be a related further challenge; at any such a bifurcation point the vector field undergoes a flip bifurcation and the saddle quantity becomes zero simultaneously [24, 43] .
as one continues the solution u 0 in (T, L) up to a desired value of L for θ = 0 fixed. By continuing this initial orbit segment in (θ, T ) and keeping L fixed, the resulting manifold is then seen as a one-parameter family of orbit segments (parameterized by θ) with the same arclength satisfying the BVP given by (8) , (9) and (10) .
We obtain the intersection W s (0) ∩ S R of the manifold with a sphere S R of radius R centered at 0, by imposing the boundary condition ||u(0)|| = R.
Hence, the solutions of the system (8) with boundary conditions (9) and (11) are trajectories that start on S R and end in the fundamental domain near the origin. For every fixed θ, this BVP has a locally unique solution with a given value of T , which is now a free parameter. In this case, one obtains a one-parameter family of orbit segments by allowing θ to vary, so that the point u(0) traces out a curve on S R . An initial orbit segment of this BVP can be found by continuation in T of any solution satisfying (9) for some choice of θ = θ 0 ∈ [0, 2π); monitoring the value of ||u(0)|| − R allows us to stop the continuation when condition (11) is satisfied. Note that, in general, not all points in the fundamental domain may reach the sphere S R ; on the other hand, there may be points in the fundamental domain whose orbits intersect the sphere more than once. Moreover, there may be disjoint curves in W s (0)∩S R , in which case one has to generate several suitable initial orbit segments by taking a number of different values of θ 0 . Each of these orbit segments can then be continued as a one-parameter family of solutions of the BVP (8), (9) and (11) in the free parameters (θ, T ); we refer to [1, 32] for more details.
All images of W s (0) have been obtained by rendering the respective portion of the manifold as a surface from computed orbit segments with dedicated Matlab routines.
